Flying insects and robots that mimic them flap and rotate (or 'pitch') their wings with large angular amplitudes. The reciprocating nature of flapping requires rotation of the wing at the end of each stroke. Insects or flapping-wing robots could achieve this by directly exerting moments about the axis of rotation using auxiliary muscles or actuators. However, completely passive rotational dynamics might be preferred for efficiency purposes, or, in the case of a robot, decreased mechanical complexity and reduced system mass. Herein, the detailed equations of motion are derived for wing rotational dynamics, and a blade-element model is used to supply aerodynamic force and moment estimates. Passive-rotation flapping experiments with insectscale mechanically driven artificial wings are conducted to simultaneously measure aerodynamic forces and three-degree-of-freedom kinematics (flapping, rotation and out-of-plane deviation), allowing a detailed evaluation of the blade-element model and the derived equations of motion. Variations in flapping kinematics, wing-beat frequency, stroke amplitude and torsional compliance are made to test the generality of the model. All experiments showed strong agreement with predicted forces and kinematics, without variation or fitting of model parameters.
Introduction
There has been substantial interest in flapping-wing propulsion over the past few decades due to potential energetic and agility benefits over fixed-wing flight. This interest is also motivated by the numerous open research questions related to unsteady flow and the aeroelastic response of flapping wings. This is particularly true of insect flight, for which there is evidence of significant aeroelastic effects in both the local deformations of the airfoils (Daniel & Combes 2002) and the gross rotation ('pitching') of wings about the torsional axis (Ennos 1988a; Bergou, Xu & Wang 2007) . This paper exclusively focuses on the latter case, with wings modelled as thin rigid bodies. This assumption is appropriate for many, but certainly not all, insect and robotic wings.
It is almost certain that insects directly exert rotational moments to actively control wing rotation, as they possess musculature so able (Dudley 2000) . However, it is an open question whether or not these muscles provide a significant amount of the power required to flip the wing during 'nominal' flapping, or whether they are used only to apply small corrections to the wing's trajectory for control purposes.
For some insects, there is direct evidence of passive rotation from observations of torsional waves that begin at the tip rather than the base of a wing (Ennos 1988b ). In addition, aerodynamic estimates have shown that it is possible to achieve rotation purely by passive means for some insects (Bergou et al. 2007 ), but there is insufficient evidence to make this claim for all insects. For a mechanical device, relying on passive rotation is not an inevitability, but a design choice.
While it is not possible to claim, in general, that passive rotation is the most efficient flapping configuration, its observation in nature, reduced complexity and success in robotic insects (Wood 2008 ) strongly warrants further study. This paper develops the passive-rotation equations of motion and models aerodynamic forces and moments using a blade-element approach. However, the simplifications of the blade-element method present many uncertainties, and experiments are needed to validate its applicability. These experiments must measure and correlate wing forces and kinematics for passively rotating wings.
Experiments in the literature reporting measurements of wing forces and kinematics are numerous. Dickinson, Lehmann & Sane (1999) used a Reynolds-number-matched fruit-fly (Drosophila melanogaster) wing model to measure time-varying aerodynamic forces and correlate them to three-degree-of-freedom flapping kinematics. Fry, Sayaman & Dickinson (2003) and Ristroph et al. (2009) used hull-reconstruction techniques to measure the three-dimensional wing trajectories, and body trajectories, of free-flying Drosophila. Walker, used photogrammetric reconstruction to measure complete wing trajectories, including higher order deformations, of locusts (Schistocerca gregaria) and hoverflies (Eristalis tenax ) in a wind tunnel. Graetzel et al. (2008) , in experiments with Drosophila, used a single high-speed video camera to extract the projected flapping angle, while simultaneously measuring vertical forces using a silicon micromachined capacitive force sensor.
The experiments reported here use high-speed video stereophotogrammetry to measure three-degree-of-freedom kinematics (flapping, rotation and out-of-plane motion). Forces are measured, in real time, using a capacitive-based force sensor. Artificial wings, with varying torsional compliance, are flapped at different frequencies and amplitudes and allowed to rotate passively. The measured forces and kinematics provide a direct assessment of the blade-element assumptions, and evaluation of the derived equations of motion for several test cases. The quantitative agreement is very good, validating both the wing dynamics model and the continued and expanded use of the experimental set-up for studying at-scale flapping-wing aerodynamics.
Aeromechanics
2.1. Wing morphology Passive-rotation characteristics have a strong dependence on the detailed shape and mass distribution of a wing. Natural and artificial wings display great variation in size, planform, material composition and vein structure (Daniel & Combes 2002) . Development of a concise wing parametrization is required. The commonly used definitions by Ellington (1984) provide a starting point in the formulation of a complete parametrization. Figure 1 illustrates a generic wing planform. The x-axis is aligned with the wing's axis of rotation (torsional axis), where r is the radial distance along it. The intersection of the x-axis and y-axis (O ) shall be called the shoulder. Typically, the wing rootdefined as the most proximal point on the leading edge -is not coincident with the shoulder. The radial distance from the wing root, along the r -axis, is r . The wing-root offsets x r and y r are labelled in figure 1 . The wing length, R, is defined here as projected distance along the r -axis from the wing root to the most distal point on the wing. The mean chord,c, is defined as the area of one wing divided by the wing length, A w /R. Radial coordinates may be made non-dimensional by R and chordwise coordinates byc (Ellington 1984) . Resulting values are radial distance (relative to root)r ≡ r /R, chord profileĉ ≡ c/c, leading-edge profileŷ LE ≡ y LE /c, x-root offsetx r ≡ x r /R and y-root offsetŷ r ≡ y r /c. Passive-rotation dynamics depend critically on the shape of the leading edge, as this alters the chordwise location of the centre of lift. It is customary to define the wing's aspect ratio as ≡ R/c. A wing's shape can be fully specified by R, ,ĉ(r) and y LE (r). The choice of R as the sole dimensional parameter was arbitrary -c or A w could serve equally. In addition, the offset parametersx r andŷ r define the hinge location. Frequently, it is convenient to definex r = 0 and fold any radial offset intô c(r).
While the wing shape has been fully specified and non-dimensionalized, it still contains two arbitrary shape functions,ĉ(r) andŷ LE (r). This is not a drawback when analysing one specific wing, but it is highly desirable to reduce these functions to a small number of constant parameters, which capture only the essential nature of the wing's shape. This can be accomplished in part by defining radius moments (see Ellington 1984) of the formr
where the subscript is the moment index and the superscript is an exponent. These parameters can be dimensionalized by multiplying by the wing length. The first-order radius moment, r 1 = Rr 1 , is the wing's centre of area. Higher order moments describe the area distribution of the wing. For insect wings, there is a strong correlation betweenr 1 andr 2 . The analytical relationship r 2 = 0.929 (r 1 ) 0.732 (2.2) was found to closely fit experimental measurements from insect wings of all shapes and sizes (Ellington 1984) . A beta distribution can be used to reconstruct the nondimensional wing shape:ĉ
where B(p, q) is the beta function, which is given by
If the beta-function parameters are chosen as 6) then the first and second radial moments of (2.3) will ber 1 andr 2 . Measurements from a wide range of insects, in both species and scale, were made and have been shown to match this distribution to within 5 % (Ellington 1984) . Combined with the relationship given in (2.2), the non-dimensional radial-area distribution of many insect wings,ĉ(r), can be completely determined from a single constant parameter, the non-dimensional radial location of the wing's centre of area,r 1 . The variety in insect wing shapes is not only due to variations inr 1 (which ranges from 0.4 to 0.6), but also due to their many different leading-edge profiles. An attempt at parametrizingŷ LE is not known at this time, but would be helpful in analysing the importance of leading-edge shape in passive-rotation dynamics as well as aerodynamic efficiency in general. Figure 2 shows coordinate systems and angles necessary for a basic description of the rigid-wing flapping kinematics of most insects. A left wing is shown close to the end of its downstroke. The X Y Z -coordinate frame has its origin O at the shoulder of the left wing. The X -axis is normal to the mean stroke plane, with the Y -axis pointing in the right lateral direction. The Z -axis points in the ventral direction. The xyz-axes are wing-fixed. These are the same axes as shown in figure 1, though here they are shown offset, next to the wing hinge, for clarity. It is important to place the xyz-frame at O when calculating moments of inertia.
Flapping kinematics
The x y z -axes rotate with the flapping angle φ, defined as the angle between the negative Y -axis and the x -axis, where the axis of rotation is the negative X -axis. The x y z -axes (not to be confused with the r y -axes in figure 1 ) rotate with the flapping angle and with the stroke-plane-deviation angle, θ, defined as the angle between the x -axis and the x-axis, where the axis of rotation is the z -axis. The rotation angle, ψ, is defined as the angle between the y -axis and the y-axis, rotating about the x-axis. The total angular velocity of the wing is the sum of flapping, deviation and rotation:
(2.7)
In the wing-bound frame, this becomes ω = (ψ −φ sin θ)e x + (−φ cos θ cos ψ +θ sin ψ)e y + (φ cos θ sin ψ +θ cos ψ)e z .
(2.8) It is useful to define the velocity of the hinge line, v h . The hinge has no radial velocity component
9) and is defined by ω h × r e x , where ω h is given by ω − ω x e x . The inertial and virtual mass moments depend (see below) on the acceleration of the wing at the hinge, which is given byv
(2.10)
Aerodynamic forces and moments are not directly related to the angle of rotation ψ, but rather to the angle of attack, α, which is defined as the angle between the wing chord and the instantaneous local velocity:
This definition gives α a right-hand-rule sign convention relative to the x-axis.
2.3.
Wing hinge For insect-scale flapping-wing robots, passive rotation can be achieved by attaching the wing to the driving spar with an elastic hinge (Wood 2007) . Figure 2 shows a hinge near the base of the wing. The hinge stiffness is controlled by adjusting the geometry and material of a flexible polymer layer sandwiched between rigid structural layers. The rotational stiffness is approximated by that of a linear elastic beam deforming under an external moment: 12) where t h , w h and L h are the thickness, width and length of the central layer, and E h is the modulus. For all experiments presented here, L h has sufficient length to prevent the top and bottom structural portions of the hinge from colliding when the wing is rotated maximally.
2.4.
Passive-rotation equations of motion Insect wings flex and deform when flapped, as a result of their distributed radial and chordwise compliance (cf. Daniel & Combes 2002) . However, if these deflections are small, assuming rigid-body motion of the entire wing is greatly simplifying. With the wing shoulder as an origin, the motion of the wing is entirely rotational. Under these assumptions, the Euler equations are the governing equations of motion. The inertia tensor is defined here as
where ρ w (r) is the wing density and r is the displacement vector for the xyz-axes. The Euler equation describing rotation about the x-axis is 14) where M x is the sum of all external moments about the x-axis. For a wing of characteristic thickness t w , assuming a thin wing (t w c, R) allows the simplification I xz = I yz = 0, and, by the perpendicular-axis theorem, I xx + I yy = I zz , resulting in the simplified rotational equation of motion
(2.15)
In the absence of out-of-plane motion (θ =θ = 0), this simplifies to 16) where the kinematic variables have been substituted using (2.8). The net externally applied moment about the x-axis, M x , includes aerodynamic moments and the elastic restoring moment from the wing hinge. It would also include direct rotational input torques by the insect or robot. The second terms on the right-hand sides of (2.16) and (2.15) are the 'inertial' moment that results when the wing hinge line does not pass through the centre of mass of the wing, helping to 'flip' the wing when it is accelerated. With the hinge acceleration given by (2.10), note in (2.15) thatω y − ω x ω z = −Ẇ 0 /r. This 'inertial flip' term is proportional to the angular acceleration normal to the instantaneous stroke plane.
Given φ(t), θ(t), a model for the aerodynamic torque, a model for the elastic wing hinge and the inertia components I xx and I xy , (2.15) is simply integrated in time to determine the passive-rotation response, ψ(t).
Aerodynamics
A passive-rotation simulation requires a model of the aerodynamic forces and moments exerted on the wing. The Reynolds number for flapping flight may be defined as
whereū is the mean translational velocity of the wing tip and ν is the kinematic viscosity of air. The mean translational velocity is given by 2Φf R, where Φ is the total flapping angular amplitude (peak-to-peak) and f is the flapping frequency. Most insects have a Reynolds number in the range 100-1000, though some are as low as 10 or as high as 10 000 (Ellington 1984) . Flapping kinematics are characterized by large angles of attack and high rates of rotation. Massive separation of boundary layers, possible reattachment and strong vortex shedding at both the leading and trailing edges are possible features of this type of flow. The wing also interacts with its own wake, especially in hover, potentially leading to significant time-dependent aerodynamic forces. Many different aerodynamic effects have been identified, and are reviewed by Sane (2003) . Often, experiments attempt to explain the aerodynamics for a single wing at a single operating point, usually with the aim of identifying the important aerodynamic mechanisms for a particular insect species. Recent work by Lentink & Dickinson (2009) reverses this trend; they investigate aerodynamic performance under the systematic variation of (effectively) wing aspect ratio, Re and flapping amplitude.
Two-and three-dimensional computational fluid dynamics (CFD) calculations are an alternative to flapping experiments (Wang 2000; Wu & Sun 2004; Young et al. 2009 ). They provide detailed information not only on the forces and moments, but also on the structure of the wake and surrounding fluid. Published calculations show good general agreement with experiments. Two-dimensional CFD calculations can now be run fast enough, on supercomputers, to perform design and optimization studies (Pesavento & Wang 2009 ). Two-dimensional CFD-based passive-rotation optimization studies are probably feasible.
Whether aerodynamic force and moment data come from computation or experiment, a reduction to non-dimensional form is highly desirable. A proper reduction will allow the data to be applied as broadly as possible. The blade-element method is a quasi-static technique for applying non-dimensional experimental and computational results to similar operating conditions. The success of this method is critically limited by the quality of the force and moment coefficients and its quasi-static assumptions.
2.6. Blade-element method Lift and drag coefficients provide a convenient way to apply computational or experimental results to different operating conditions or configurations. The general form of an aerodynamic force coefficient is
where F is the force in question, q is the dynamic pressure and S is a reference area. The dynamic pressure is defined as (1/2)ρV 2 , where ρ and V are the reference air density and velocity, usually the free-stream values. The reference area is usually the area over which the force acts or an area characteristic to the body. A constant force coefficient is not sufficient to predict forces for all flow conditions. For example, aerodynamic force coefficients may be a function of the Mach number and the Reynolds number (Re). If the relevant forces are a weak function of these parameters, using an off-condition coefficient (slightly different geometry, different size, etc.) can still give a reasonable prediction of force magnitudes. The blade-element method is simply the application of (2.18) to chordwise strips along a flapping wing. Figure 1 shows a sample wing strip. The wing must be divided into strips because the local velocity varies along the wing. For the decidedly subsonic insect flapping regime, force coefficients should vary with α, Re and wing shape. Ideally, these variations will be clear trends that experiments can identify. If force (or moment) coefficients begin to vary with the details of the flapping kinematics, or if they depend on products of these changes, the usefulness of the blade-element method is reduced severely.
The blade-element method estimates forces based only on instantaneous flow conditions, making the method quasi-static. Unsteady flow features, such as wake capture, cannot be modelled directly. They may enter indirectly, for example, if the force coefficient is a function of α, and the time-dependent force appears periodically, with the time of occurrence corresponding to a particular α. However, if the flapping motion becomes aperiodic, such as during a manoeuvre, or if the periodic flapping kinematics are changed significantly, then the previously tailored α-dependence will produce erroneous results.
Aerodynamic forces
In hover, the ambient air velocity is negligible; so the dynamic pressure on the wing develops only through its relative motion. Thus, the aerodynamic force components on each chordwise strip can be expressed as 19) which is simply a rearranged form of (2.18). When there is no stroke-plane deviation,
The total aerodynamic force is commonly decomposed into lift and drag components, F L and F D . Drag is directed in opposition to the relative ambient velocity, and lift orthogonal. Experiments and CFD calculations (Dickinson et al. 1999; Wang, Birch & Dickinson 2004 ) have shown consistent functional forms for the variation of lift and drag coefficients with α:
For the Reynolds number (≈100), geometry and flapping kinematics of a typical Drosophila wing, Dickinson et al. (1999) found by experiments that these coefficient forms are best fit by
These values are a common starting point for blade-element force estimates. Experiments or CFD simulations are used to refine them for specific wing shapes and Reynolds numbers. Integrating (2.19) for the lift component leads to
whereF is the non-dimensional aerodynamic force. The integral is easily performed to yieldF
Ifx r is zero (which can always be arranged), then the non-dimensional aerodynamic force is simply equal tor 2 2 . The drag force has an identical expression, the only difference being the coefficient. The unit vectors for lift, drag and the normal component of the aerodynamic force are defined as
These definitions take into account the chosen sign convention for α, and the sign conventions of C L and C D , as used in (2.20). The normal force coefficient is found by a simple rotation,
Rotational-axis aerodynamic moment
The aerodynamic moment about the axis of rotation (x-axis) is more complicated because the chordwise position of the centre of pressure depends on the instantaneous angle of attack and on the detailed shape of the leading edge. The required integral is where α is in radians, andd cp is the non-dimensional location of the centre of pressure, measured back from the leading edge (i.e. 0 for the leading edge and 1 for the trailing edge). In the xy-frame, the location of the centre of pressure for each strip is
Inserting into (2.25) yields
Thus, the location of the net centre of pressure iŝ 29) with the resulting rotational moment expression
(2.30)
Calculating and measuring aerodynamic moments is notoriously more difficult than aerodynamic forces. The root of this problem is that moments are highly sensitive to changes in the location of the centre of pressure. For an insect wing, the distance between the torsional axis and the centre of pressure may only be 10 % of the mean chord; so even small changes in position have a large effect on the resulting moment.
Rotational aerodynamic forces
The aerodynamic force, described previously, sometimes called the 'translational' aerodynamic force, is not a function of the instantaneous rotation rate. The influence of rotation is felt only indirectly through the α-dependence of the force coefficients. There is evidence (Sane & Dickinson 2002 ) that independent 'rotational' forces exist, which are a function of the instantaneous rotation rate.
The original adopted model for these forces is that of a thin wing fluttering at low α, with the rotational forces arising from a coupling of translation and rotation. This force has the form dF rot = 1 2 ρω x ω h c(r + x r )C R (α)c(r )dr . (2.31) Experiments (Sane & Dickinson 2002) have shown that C R varies both with rotation rate (ω x ) and the location of the rotational axis (ŷ r ). This force is not included in any calculations presented here, primarily because improved predictions of lift force could not be realized, and contributions to rotational moment could not be measured. Future experimental investigations, should they investigate this force, especially for the purposes of passive rotation, must include direct measurements of rotational moments to calculate the centre of pressure of these rotational forces.
Aerodynamic damping
The aerodynamic forces and moments discussed so far provide limited rotational damping to the system. Passive-rotation experiments ( § 3.3) confirmed that without such a term, the predicted wing trajectories are severely under-damped. In addition, consider the pathological case of a wing rotating, but not flapping. Clearly, there will be aerodynamic moments exerted on the wing, though the translational and rotational aerodynamic force terms (see (2.22) and (2.31)) would predict none.
For this term, the relative velocity only due to rotation of the wing is considered. The relative air velocity is zero at the hinge axis and increases linearly away from it, as illustrated in figure 3 . Using a dynamic pressure based on this velocity, it is straightforward to adapt (2.19) to form the rotational damping moment for a differential element as where each chordwise strip is further divided (as in figure 1 ) into differential elements of height dy, which are located at a distance y from the hinge axis. Integrating with respect to y yields δM rd , the damping moment contribution from a single chordwise strip: [|ŷ r +ŷ LE |(ŷ r +ŷ LE ) 3 − |ŷ r +ŷ LE −ĉ|(ŷ r +ŷ LE −ĉ) 3 ] (2.37) is the non-dimensional location of the effective moment arm of the rotational damping term for a single wing strip. Integrating these chordwise strips results in the total damping moment for the wing: This approach was also used by Andersen, Pesavento & Wang (2005) in experiments with tumbling cards. They used a rotational damping moment coefficient, C rd , of 2.0, probably because this is the classical result for the two-dimensional drag coefficient of a flat plate normal to a uniform flow. As the rotationally induced velocity is normal to the wing, it would be natural, in the present case, to use C rd = C D max . For all calculations in this paper, a value of 5.0 was used. This value, in general, led to the best agreement between measured and predicted passive-rotation trajectories. However, the predictions were not highly sensitive to the exact value. All values of C rd in the range 3-6 showed good agreement. The main challenge in determining it to higher precision is the difficulty in separating errors in the value of C rd from errors in the location of the centre of pressure. Experiments that explicitly measure the moment about the rotational axis are likely to be required to better clarify the magnitude and variation of this parameter.
If the rotational axis does not pass through the chord centre, a net force will also result. For all calculations in this paper, these forces were neglected. The main reason is one of complexity. It is easy to quickly amass several coefficients which may be 'tuned' for a specific experimental result. It would be difficult to decide what is a result of pure rotational damping, and what is a result of a flapping-rotation coupled 'rotational' aerodynamic force.
Added-mass effects
The concept of 'added mass' (or 'virtual' mass) is best understood as the aerodynamic forces and moments that are dependent upon a body's acceleration, be it translational or rotational. In the strictest sense, added-mass forces and moments are only those that result from the solution of the Euler equations without circulation (potential flow). Aerodynamic forces and moments dependent upon acceleration may also occur as a result of viscous effects, a notable example being the Basset force (Yih 1977) , which represents forces that occur due to an acceleration-dependent lag in boundary-layer development, though all viscous-based acceleration forces are sometimes called Basset forces. Without strong evidence of their importance and an accurate method to predict them, Basset forces will not be accounted for separately. Their influence, if any, will find its way into the standard aerodynamic force and moment coefficients, which are derived from experiments.
There is no analytical solution to the potential-flow equations for a general twodimensional wing planform moving in a three-dimensional fashion. However, the potential-flow solution for an arbitrary two-dimensional body translating and rotating in two dimensions is well known. Application of this solution easily gives the addedmass forces and moments for a thin wing section. From Sedov (1965) ,
where Z 0 and Y 0 are the added-mass forces (per unit depth) in the z-and y-directions, and M 0 is the added-mass moment per unit depth. W 0 and V 0 are the components of the velocity of the wing at its axis of rotation (see figure 3) . The λ ab terms are the 'coefficients of added mass'. Repeated subscripts are dropped. The wing section shown in figure 3 has effectively zero thickness and a rotational-axis offset from the midpoint by y h , which can be expressed non-dimensionally aŝ
The non-zero added-mass coefficients for a thin flat wing section are
where a is the semi-chord and ρ is the density of the surrounding air. Note that many of the terms in (2.40) are 'cross-term' accelerations and not pure rotations. These will not be considered, as they will duplicate existing blade-element terms with similar forms, such as the rotational force and damping terms. The validity of these terms (as well as the pure acceleration terms) is already in question, as this formulation assumes fully attached irrotational flow in two dimensions. After eliminating cross-terms and terms with zero-valued coefficients, (2.40) is reduced to
The normal acceleration is given byẆ 0 = −r(ω y − ω x ω z ). Substitution and radial integration yields 
Passive-rotation experiments and analysis
Using the blade-element method to estimate aerodynamic torques raises two major concerns. The first is whether the quasi-steady approximation is overly limiting. Wake-capture effects and other path-dependent phenomena must be negligible. The second concern is the validity of force and moment coefficients. The method is useless if different force and moment coefficients are required for every operating condition and wing shape. More precisely, aerodynamic coefficients must change little for reasonable changes in flapping frequency, flapping kinematics and wing shape. Quantification of 'little' and 'reasonable' is arbitrary.
Experiments are needed to assess the performance of the blade-element method in predicting time-dependent forces and moments. If wing kinematics and forces are measured simultaneously, force coefficients for each wing and kinematics configuration can be extracted. If the experiments are done with passively rotating wings, the validity of (2.15) can be assessed directly.
Experimental set-up and calibration
A testing set-up, illustrated in figure 4, was constructed for the synchronized measurement of three-degree-of-freedom flapping kinematics (φ(t), θ(t), ψ(t)) and lift forces on robotically driven wings. Although all wings tested here are of artificial construction, the set-up does not preclude the use of natural wings. Kinematics are determined a posteriori using stereoscopic reconstruction of high-speed video recordings. The wing-driver mechanism is mounted on the end of a double-cantilever beam. The beam's deflection is measured with a capacitive displacement sensor. To the authors' knowledge, these are the first reported experiments that measure threedegree-of-freedom flapping kinematics, synchronized to real-time force measurements for insect-scale flapping wings. The wing is flapped using a piezoelectric bimorph actuator, of the type described by Wood, Steltz & Fearing (2005) , mounted in a carbon-fibre frame. The linear displacement of the drive actuator is mapped to an angular flapping motion using a transmission mechanism of the type described by Wood (2008) . The actuator is made as small as possible to minimize the effective mass of the beam-driver system, thus maximizing sensor bandwidth.
The double-cantilever beam is laser-cut and folded from 150 µm Invar sheet (Wood, Cho & Hoffman 2009 ). Abutting folded edges are soldered together. The doublecantilever topology ensures that the beam deflects linearly without rotation. The dual beams are 7 mm long, 4 mm wide and spaced vertically by 3 mm. The 10 mm diameter capacitive sensor target plate, also laser-cut from Invar sheet, is attached to the end of the beam with a pair of triangular support ribs. These ribs also serve to stiffen the end-plate of the beam to maintain the desired built-in boundary condition. The mass of the wing driver (frame, actuator, transmission) is approximately 150 mg. Using simple-beam theory, the predicted sensor resonant frequency is 950 Hz. This includes the effect of wing-driver mass, target plate and support rib mass, and the theoretical effective mass of the sensor beam. The measured resonant frequency of the system, determined by impulse testing, is 810 Hz. All reported force data have been post-processed with a high-order zero-phase 750 Hz digital low-pass filter. The force sensor was calibrated using multi-point static loading with known masses. No attempts at dynamic calibration (cf. Figure 5 . A wing of this design is used for all experimental data presented here, with either the longer wing hinge for the 70 Hz flapping case (shown here) or the shorter hinge for all other cases. Wing length is 15 mm, measured from 'shoulder' to tip. The spars are 80 µm thick carbon fibre, bonded to the wing membrane, 1.5 µm thick polyester film. is 1.04 mg mV −1 , with a measured noise floor of 1.5 mV, at full bandwidth. All force data are reported as mass-equivalent using a gravity acceleration of 9.8 m s −2 . A high-speed video camera is used to record wing motion. All video recordings were captured at 10 000 frames per second, with exposure times of 30 µs. As shown in figure 4 , a mirror provides a second camera view. The camera points towards the wing from approximately φ = −60
• . The camera is positioned at least 150 mm away from the wing (10 wing lengths) to minimize aerodynamic disturbance. The primary view and virtual-camera view are illuminated by backlight; fibre-optic light guides direct light from standard tungsten halogen illuminators onto diffusion screens, each positioned 150 mm behind the wing. The ground plane (optical table) is located 200 mm below the wing.
A computer with a real-time control board sends drive signals to high-voltage amplifiers, which drive the piezoelectric actuator. The same board issues camera trigger signals and samples the capacitive displacement sensor at 5 kHz. Synchronization between the trigger signal and the camera frame buffer was confirmed by recording a light-emitting diode being driven directly by the trigger signal. Synchronization between video frames and the force signal was confirmed by recording an impulse impact on the driving spar and matching the time-of-impact video frame with the force signal.
Extracting flapping kinematics
Stereoscopic calibration of the camera set-up is accomplished using the methods of Zhang (2000) and Bouguet (2008) . Several images of a draughts board with known dimensions are taken. The draughts board is placed at several positions and with several orientations to the camera, with care that the complete pattern is seen by both the real and virtual camera. The images are used to fit a lens-distortion model and the relative positioning between the two cameras is calculated. The resulting calibration maps row-column pixel coordinates for the real and virtual images (corresponding to the same physical point) to a three-dimensional location relative to the real camera.
Three points are tracked on the wing, with their coordinates used to define an instantaneous mean wing plane for each video frame. Figure 5 shows a photograph of the wing used for all experiments presented here. The first, second and fourth (proximal to distal) spar ends are used for the tracking points. A normal vector Figure 6 . The 11th frame of the baseline 100 Hz case is shown in both images. The image in (a) highlights the mirror edge and labels the real and virtual images, and shows tracked spar endpoints for the first 11 frames. The image in (b) shows tracking results from a complete 200-frame, two-period sequence. The high degree of periodicity is evident from the pairwise clustering of the points. The spar ends are tracked manually, for each frame, on a sub-pixel basis.
defined by these points is projected onto fixed axes to extract the flapping, out-ofplane and rotational angles. Figure 6 shows a sample frame from a captured video recording. For all experiments carried out, the wing stayed very flat and did not deviate very far from the rigid-body ideal. Figure 7 shows a frame sequence which is characteristic of the maximal amount of wing fluttering and spar bending observed. While in these experiments the intent was to suppress wing deformations, these tracking techniques could be easily used to reconstruct higher order oscillation and deflection modes by tracking more points.
Each video recording consists of two full flapping periods. The hinge line (torsional axis) is determined from an image of the wing at rest; it is identified as the midline of the wing-hinge flexure. The position and orientation of the hinge line is then determined by offset in local coordinates for each frame in the flapping sequence. A plane is fitted through the track left by the hinge line, over the full time sequence, to define the so-called mean stroke plane, which establishes a reference for defining out-of-plane motion, θ(t). The wing orientation calculated from an image of the wing at rest is used to define the flapping-angle origin (φ = 0). A sphere is fitted to the point cloud left by the track of the distal edge of the wing hinge to determine the radial offset of the wing from the centre of rotation.
All plots of measured angular trajectories are shown unfiltered, in degrees. However, when derivatives are calculated for use by the blade-element method, filtering is applied to prevent excessive noise.
Experimental results
All of the following experiments use the same wing design. The two experiments flapping at 100 Hz use the same 'short' wing hinge, and the 70 Hz case uses the 'long' hinge. Detailed specifications for the wing and the wing hinge are given in the Appendix.
The measured values of ψ andψ at t = 0 provide the initial condition. All calculations to predict the rotational trajectory of the wing are made by integration of (2.15). This means that measurements of out-of-plane deviation, θ(t), contribute to the solution. However, all experiments presented here do not contain significant out-of-plane motion, as the flapping mechanism does not support it. In practice, trajectories predicted by (2.16) are very similar. The small amount of out-of-plane deviation that does occur is a result of wing-hinge compliance. While designed to be much more compliant in the rotational axis, the off-axis compliance is enough to allow a few degrees out-of-plane motion when under high load.
Lift coefficient, C L max = 1.7, is used for all calculations. This value provides good general agreement with all experiments performed, and is very close to 1.8, the classic Drosophila value. Drag data from Dickinson et al. (1999) and thed cp (α) trend reported by Dickson et al. (2006) , given in (2.26), are used, as none of the current experiments directly measure these values. The same rotational damping coefficient (C rd = 5.0) was used for all calculations. Unless otherwise noted, no rotational aerodynamic forces or rotational added inertia terms were applied (though the added-mass lift force is included).
In the following plots, unless otherwise noted, the term 'lift' indicates the reaction force of the wing on the drive spar, i.e. 1) where F N is the total lift, F aero,X is the projection of the total aerodynamic force vector onto the X -axis, m is the wing mass and a X is the linear acceleration of the centre of mass of the wing. It is important to note that 'lift' in the current sense is different from 'lift' in the sense of the blade-element method. The unit vector e L used in blade-element calculations always points normal to the instantaneous stroke plane, rather than the mean stroke plane, which is the plane of reference for F N and F aero,X . All measured mean lift values are obtained by averaging over 10 periods, while the calculated lift values are derived from the kinematics captured during the first two of those periods. The inertial component has zero mean when the wing motion is perfectly periodic, but the instantaneous values of the inertial contribution are non-trivial, and must be added to aerodynamic lift predictions when comparing to experimental measurements.
In general, working at-scale poses the extra challenge of dealing with wing inertial forces, which are typically of the same order as the aerodynamic forces. Subtracting them out requires high-quality kinematics measurements to extract the crucial angular accelerations. Measuring wing mass with an electrobalance is easy, but measuring inertias and products of inertia is not trivial. The I xx and I xy values used here were calculated from a three-dimensional computer model of the wing, using measured material densities. The wing centre of mass was also calculated from this model. As a check, measured masses were confirmed to agree with predicted masses from the model.
The hinge stiffness is simply calculated using (2.12), using the hinge geometry parameters and the specification-sheet modulus for the polyimide film used to make the hinge flexure. Potential hinge stiffness nonlinearity and damping have not been characterized.
Baseline 100 Hz flapping experiment
The first case (the 'baseline') examines passive rotation at 100 Hz. The flapping amplitude, Φ, is 108
• . Figure 8 (a) plots the measured kinematics and predicted rotation. The out-of-plane motion is only a few degrees. The transmission mechanism is not perfectly symmetric, and real-time position feedback is not currently available. The downstroke experiences larger lift forces, as the wing velocity is slightly higher then. The mean measured lift is 71.6 mg, and the calculated lift is 73.7 mg. Figure 9 shows predicted rotation, for the same case, with different combinations of the I xx,am and I xy,am terms. It appears that inclusion of the I xy,am term improves the prediction of the maximum amount of negative rotation, but the agreement is compromised in other areas. These differences were investigated in other experimental data sets, and no consistent improvement for any of these added inertia terms could be found. This does not mean that they are not important, but their contribution is simply less than the uncertainty introduced by other factors, such as the centre-ofpressure location and nonlinear hinge compliance. Figure 10 shows each component of the predicted lift force. It is clear that subtracting the inertial contribution is critical for analysing the aerodynamic contribution. At the end of a stroke, when the wing flips, wing velocity, and thus lift, is low, while vertical acceleration of the centre of mass is high (centripetal acceleration), leading to an inertial reaction peak (negative lift peak). This effect is more or less relevant depending on the mass of the wing, rate of flip and other factors.
From figure 11 , it is clear that an additional rotational aerodynamic damping term is critical to the prediction of realistic rotational dynamics. As mentioned earlier, refinement of this component will require experiments that can directly measure rotational torques. Figure 9 . Baseline 100 Hz flapping case (short hinge). Measured wing rotation and predicted wing rotation using each combination of the theoretical rotational added inertia terms.
Split-cycle flapping experiment
The next experiment presented uses the same wing, with the same wing hinge, flapping at the same fundamental frequency. However, the full flapping period is a concatenation of a longer duration upstroke and a shorter duration downstroke. The upstroke-to-downstroke duration ratio, called τ ss , is 0.62 in this case. The asymmetry in φ(t) is readily apparent in figure 12 . This type of flapping is called 'split cycle', which is aimed at breaking the upstroke-downstroke symmetry to create net roll moments (roll in the sense of figure 2). This technique was proposed by Doman & Oppenheimer (2009) as a method to control roll for a flapping-wing robotic insect. For this case, the measured lift is 71.2 mg, almost identical to the baseline case. The predicted lift, using the same lift coefficient as the baseline case, is 75.7 mg. Since roll torques were not measured, the effectiveness in generating a net moment cannot be assessed, but it is clear that the rotational kinematics can be made very asymmetric without changes in mean lift, while operating under the restrictions of a passively rotating system. Agreement between the predicted and measured lift forces, on a time-varying as well as mean-value basis, is excellent, even though the peak lift force in the split-cycle case is almost twice that of the baseline case. The blade-element method, in this case, is highly tolerant of drastic changes in flapping and rotational kinematics. In spite of the uncertainties in drag coefficients, centre-of-pressure location, damping and rotational forces, the approximate values based on published data for Drosophila lead to good predictions of passive-rotation dynamics. Figure 12 . 100 Hz flapping case (short hinge), now with τ ss = 0.62 split-cycle flapping-angle kinematics.
70 Hz flapping experiment
For the final experiment, the wing hinge was lengthened, allowing the wing to achieve sufficient rotation when flapped at 70 Hz. The total flapping angle is also reduced to 90
• . The measured lift is 30.4 mg, and the predicted lift is 26.6 mg (same coefficients as all other cases). Trajectory and force results are plotted in figure 13 . There appears to be a small phase discrepancy between the measured and predicted rotation angle, while the amplitude prediction is excellent. On the other hand, the baseline case showed excellent phase agreement, with small disagreements at times in amplitude. The various model uncertainties are not small enough to draw general conclusions on the sources of these discrepancies. It is possible that wake-capture effects and rotational aerodynamic effects are contributing to the observed forces, but, at this time, the data available are not fine enough to separate these effects from other aerodynamic uncertainties. It is clear, at least for the range of cases examined here, that exclusion of these effects does not preclude accurate estimates of passive-rotation trajectories.
Conclusions and future work
In these experiments, the predicted and measured lift forces show excellent agreement, both in mean value and detailed time history. These predictions were consistent across large changes in flapping kinematics, flapping frequency and flapping amplitude, without any changes to model coefficients. These experiments reveal that coping with inertial wing forces is an important challenge when working with actual-size wings. Minimizing the influence of these inertial forces in isolating aerodynamic loads will be critical for continued success in at-scale studies of flappingwing aerodynamics. It is difficult to quantify the agreement of measured kinematics with passive-rotation predictions. Qualitatively, the rotational dynamics were well captured, including sub-period modes. Quantitatively, peak rotational amplitudes, rates and phases showed good agreement with measured values. Demonstration of asymmetric split-cycle kinematics, without reductions in lift force, strongly motivate further investigation of this wing-control strategy. Improvements in passive-rotation trajectory predictions will not come without a great deal of work in measuring and characterizing flight forces and moments. Rotational moments, in particular, must be measured for a variety of wing shapes, sizes and flapping profiles. In spite of this lack of data, the blade-element method, when used with published data, provides very good predictions of passive-rotation trajectories. It is eminently useful in the design of robotic wing hinges. These methods can now be used, with confidence, to study achievable optimal kinematics under the reduced input control available with a passive-rotation system. These experiments lay the groundwork for exciting future studies of natural insect wings and artificial wings that include distributed compliance. This work has demonstrated the measurement of real-time forces and three-dimensional kinematics for at-scale flapping wings. Because the wings are driven mechanically, it is possible to precisely control experimental parameters in ways not possible when working with live insects. Since the experiments are at-scale, actual insect wings can be tested. The demonstrated quality of the measured forces motivates future work focused directly on the aerodynamics. Methods to more precisely control flapping kinematics, combined with flow-visualization techniques, will complement existing capabilities in measuring and understanding detailed wing deformations and real-time forces.
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Appendix. Experimental parameters
The wing, pictured in figure 5 , is designed to have a shoulder-to-tip distance of 15 mm, = 3.5,r 1 = 0.5 andr 2 = 0.56. Measured from the r y -origin, R = 11.95 mm, x r = 3.19 mm and y r = 0.73 mm. Wing mass is 0.91 mg, with I xx = 1.70 mg mm 2 and I xy = 3.50 mg mm 2 . The centre of mass is located at x cm = 5.74 mm and y cm = −1.31 mm, relative to O . The 'short' wing hinge has the following parameters: L h = 70 µm, w h = 1.8 mm, t h = 7.6 µm and E h = 2.5 GPa. The 'long' hinge is 175 µm long. The hinge-flexure material in both cases is polyimide film.
The wing leading-edge shape,ŷ LE (r), can be digitized from figure 5. Fromr = 0 tô r = 0.75,ŷ LE = 0. Outboard of that, an elliptical profile was originally intended, but the use of straight wing spars necessitated modification of this profile to avoid creating unsupported regions of the leading-edge membrane. The chosen profile attempts to balance the need to support the membrane with the desire to create a reasonably rounded tip.
These wing parameters are similar to those of Eristalis tenax, as reported by Ellington (1984) . Reported parameters are R = 11 mm,r 1 = 0.48,r 2 = 0.54, = 3.6 and a wing mass between 0.90 and 1.05 mg. For the same species, Ennos (1988b) reports a torsional axis 15 % behind the leading edge and a centre of mass 30 % back. Compare this to values of 17 % and 47 % for the present wing.
The wing spars are laser-cut from unidirectional carbon fibre, pre-impregnated with a cyanate ester resin. The nominal thickness of this 'prepreg' material is 80 µm. The wing membrane is laser-cut from 1.5 µm polyester film. The spars are then oven-cured and bonded to the membrane while under pressure.
